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Feature selection in linear regression model

e LASSO was used to sparsify the linear regression model and allowed
the regression model to select significant predictors automatically.

* The formulation of LASSO is
B = arg mﬁin{lly — XBII5 + 2B},

« where y € RV*! js the measurement vector of the response, X €
RN*P is the data matrix of the N measurement vectors of the p
predictors, B € RP*1 is the regression coefficient vector.

* Here, [IBlly = Xi_41B:l.



The path solution trajectory of LASSO
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Why L1 norm?

e LASSO versus Ridge regression.
* The formulation of Ridge regression is

B = argmlgn{lly — XB1% + AlIBIl-},

* where [|B]|, = lelﬁilz is called the L, norm.
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The shooting algorithm

e Let’s first consider a simple case where there is only one predictor.
Then, the objective function becomes

L(B) = lly — XBII5 + AlBI.
* To find the optimal solution, we can solve the equation as
OL(B) _
0p 0.

* The complication is the L1-norm term, | 8|, which has no gradient
when = 0.




The shooting algorithm (cont’d)

We can discuss different scenarios and identify the solutions.

*If > 0, then OLE) _ 28 — 2XTy + A. Thus, L) _ 0 will lead to the

aﬁ(sz ~2) oF
solution that f = Y2 Butif 2XTy — 1 < 0, this will result in a

contradiction, and thezreby, g =0.

* If f <0, then az(;(ﬁ) = 2 — 2X"y — A. Similarly as above, we can conclude
T
that § = (X y+ .Butif 2XTy + A1 > 0, this will result in a contradiction,

and thereby,% = 0.

* If § = 0, then we have had the solution and no longer need the calculate
the gradient.



The shooting algorithm (cont’d)

* In summary, we can derive the solution of § as

=0

A

T,_
(XTy A), if2X'y—2>0

(ZXTy+A)

if2XTy+1<0

.0, if A= [2XTy|



Generalize it to more general settings

* Let’s contemplate an iterative structure that updates each f; at a time when fixing all the other
parameters as their latest values

* Suppose that we are now at the tth iteration and we are trying to optimize for 3;, we can rewrite
the general optimization problem’s objective function as a function of §;

_ (t-1) 2 (t-1)
L(B;) = HJ’ — 2z XGobe X(;,,-)ﬁ,-Hz + A Xk ‘ﬁk ‘ + 21851,
* Here, ,B,Et) is the value of S} in the tth iteration. The objective function above can be simplified as
2
L(Bj) = ly = XepnBill, + 218,
* which just resembles the structure as the one-predictor special case we discussed. Thus, we can
readily derive that ,
qu —A/2, ifq;—A/2>0
ﬁ“j(t> ={q;+1/2, ifq;+2/2<0,

. 0 if 1= |2q;

t—1
* where q; = Xﬂn (y — Zkij X(;,k),ﬁ’,g )).
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A simple example

* The dataset of Y is actually randomly sampled from the true model,
Y =0.8X; + ¢, where e~N(0,0.5).
* The objective function of LASSO on this case is

ITVL=1[yn — (,31xn,1 + ,Bzxn,z)]z + A(BL + 152D

X, X, | ¥ Note that, here, for simplicity, we don’t need to
0707 0 | -0.77

0 0.707 | -0.33
0.707 | -0.707 | 0.62 predictors are standardized with mean as zero.

include the offset parameter [, in the model as the




A simple example (cont’d)

Suppose that we choose 4 = 0.96. First, we initiate the parameters as ,[?1(

In the first iteration, we aim to update ;. We can obtain that
—0.77 ‘

y —XB® = l1.037.

1.327
0
Thus, g4 = X( 1 (y X 2),8( )) = 1.48.
Asq, —A/2=1>0,we knowthatﬁ’l(l) =q,—A/2=1.

Similarly, we can update 3,. We can obtain that
0.063]

1
y —X.nBY = l—0.33.

0.087
1
Thus, g2 = X, (¥ — X(nh?) = —0.17.

As A = |2q,|, we know that ,8( ) = 0.

= 0 and ,8(0) = 1.



R [ab

* Download the markdown code from course website
e Conduct the experiments

* Interpret the results

* Repeat the analysis on other datasets



